
Math4030 Differential Geometry October 2024

Midterm
You will have 90 minutes to complete this midterm. Please attempt all of the questions.

Please do not confer with other students and please turn off all electronic devices before

the examination begins. Once you have completed the questions, you may hand your

answer booklet in at the front and leave.

Throughout the examination, you may use any results from the lectures or the
homework, as long as they are stated clearly.
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(Q1) In this question, � : R ! S2 is a smooth regular curve inside the unit sphere

S2 := {v 2 R3 : kvk = 1}.

a) Define what it means for the curve � to be regular.

b) We define another smooth curve ⌘ : R ! R3
via the formula

⌘(t) :=

Z t

0
�(s)⇥ �0(s) ds, 8t 2 R.

Show that, if the curve � is parameterised by arc-length, then the curve ⌘ is also

parameterised by arc-length.

c) If � and ⌘ denote the curvatures of � and ⌘ respectively, show that

⌘(t)  �(t), 8t 2 R.

d) Show that the torsion of ⌘ vanishes.

e) In the situation that the torsion of � is zero, show that ⌘ is a straight line in R3
.

(Q2) In this question, we fix a smooth function f : R2 ! R, and for each ✓ 2 R,

define the smooth function g✓ : R3 ! R by

g✓(x, y, z) := f (cos(z✓)x+ sin(z✓)y,� sin(z✓)x+ cos(z✓)y) , 8(x, y, z) 2 R3.

We then consider the level set of g✓ at height zero

S✓ := {(x, y, z) 2 R3 : g✓(x, y, z) = 0}.

a) Define what it means for � 2 R to be a regular value of f .

b) Find expressions for
@g✓
@x and

@g✓
@y in terms of the partial derivatives of f , and the

trignometric functions sin(z✓) and cos(z✓).

c) If 0 is a regular value of f , show that S✓ is a regular surface.

d) Define what it means for a pair of regular surfaces to be diffeomorphic.

e) Show that the regular surfaces {S✓ : ✓ 2 R} are pairwise diffeomorphic.
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(Q3) This question is concerning the Catenoid

C := {(x, y, z) 2 R3 : cosh2(z)� x2 � y2 = 0}.

a) Show that the Catenoid C is a regular surface.

b) Consider the local coordinates X : (�⇡,⇡)⇥ R ! C given by

X(u, v) = (cosu cosh v, sinu cosh v, v), 8(u, v) 2 (�⇡,⇡)⇥ R.

Find the first fundamental form g with respect to this chart X .

c) Calculate the area of the compact region

⌦ := C \ {x � 0} \ {�1  z  1}.

Hint:
d
dx (x+ sinhx coshx) = 2 cosh2 x.

d) Recall, with respect to the local coordinates X , there is a locally well-defined unit

normal vector

N(u,v) =
Xu ⇥Xv

kXu ⇥Xvk
|(u,v), 8(u, v) 2 (�⇡,⇡)⇥ R.

Show that

N(u,v) =

✓
cosu

cosh v
,
sinu

cosh v
,� tanh v

◆
.

e) At a fixed point (u0, v0) 2 (�⇡,⇡)⇥R, calculate the matrix of the shape operator

�dN(u0,v0) with respect to the basis of T(u0,v0)C associated to X .

What can you deduce about the mean curvature of C at this point (u0, v0)?

Hint: Calculate the vectors Nu and Nv , and express them with respect to the

basis {Xu, Xv}.
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b) Sincev is param . by arc-length ,
andplst

ly(s)(l=1 forall seR

Differentiaty, me here

0 = 28(s) · Us) forall seR
so y'(s) + y(s) forall SER .

Then onicely'(s) = 1,
&

& UXY' is aun rector

Then note by FTC that y(t)
= ((+) XY'(e)

-) Ky() = 1y"())) = 1y()xp"(t))) -Ctll = Ky(t)
ky(t)



b) f(x
,y ,z) = (f, (x ,y ,z) , fz(x,y>z))

where filx ,y,z)= cos(27) x+sinetly
fz(x , y ,z)= - sin(zt)x +costly
E = fips(t) - fu sintt)

4 Wis o is a regular value go
=fi Smit) +-E cos(26).

B/2 . So = got (8)-
Sps that O is not a regular value of go . ·

Then there isa pe (Xo , yo , zs)
with go(p)= 0 , dgop = 0.

l+ q= (0s (207) Xo+sm(08) yo ,

"

-Sinot) Xo + ess(206) yo) R
f) =gopi

Since U = ((p))
=

+ (29(p)) = fi(g) + fz(g)



This quies dfg = 0 But this is a contradiction to the fact that
O is a regular value of f

e) For 7 , PER ,
construct differmorphism 4 : Spt So

WLOG I cantake &
=0 · ie

.

Wefil differmophion
4:So - Sp

goliyiz) = f(x , y) So noticethat go : for
where iis projection from R3 to x-place.
Take & (xyz) = (cos(28)x +Sinctly ,

-Sin(z)x+ as (zf)y, z)
I is clearly smoth as a map from R AR?
with Smooth inverse &" (x ,yiz) =CesGEAXISEEEY2)as amap from R3->P



So suffices to show 4 (So) = Sy
Let (xy , z)eSp .

So
go (x iy , z) = 0

C= f (us(z0)x +sin(t) y,
-sin(zt)x+ cos(zt)) =0

= f(u(t(x,y ,z))) =8

c (foio4)(x , y ,z) = 0

7 (g004) (x ,y,z) = 0.
so go (4(x ,y ,z) =0.

so 4 (x , y ,z) E So

sinlaly for 4" · /1.



2) f(x ,yiz) = @sh (z) - 1 =

y2 .

inen C = f" (s)·
Need to check O is a regular
value off
So f(0,

0
,0) =

1

.

deexgiz)
= (-2x ,

-

Zy, 2coshzsih(z))
So we seethat &f

expit O only at (x <y+ 2) = (0 ,0
,%) .

So O is a regular values and his aregular surface.

b) Xu =)-suinoshr, usucoshv , 8)
Xv = (essusmhr, Sminsmhr, 1)



So
gu

= XoXu = Cshivsini + coshirosin = coshiv

giz= Yu · Xv = 0

921 =Xv ·Xu = 0

g2z= XvXv
= costumer +Sinusitiv +/
= It silv = cishv ·

So
g

= [str]
A = JdA=gduduestr dude=ris

= Elv + smhvcshr)/ =+ ismh(c) cish(c)·



a) XuXXv = (Oucshv,Smo,,
NaXXul) = coshv.

N=-sil,
e) at pt. (us , vo)

,
we have

Nutvo(-snino, casu, 0) = co
.
Xu
s

Nu =it (ascositro , sinnosmlres() =troXro
.

So in basis [Xno
,
Xro5

,
we have



- duo
,vol

=CoJ
H= (io") = U .

i
.e . catered is a minimal

surface . (HES).


